Abstract. We study the (virtual) indicability of the automorphism group Aut(AΓ) of the right-angled Artin group AΓ associated to a simplicial graph Γ. More concretely, we identify a condition on Γ which implies that H 1 (G, Z) = 0 for certain natural finite-index subgroups G < Aut(AΓ); on the other end of the spectrum, we exhibit two other conditions which guarantee that H 1 (Aut(AΓ), Z) is not trivial.
Introduction
Automorphism groups of right-angled Artin groups (or graph groups, or partially commutative groups) form an interesting class of groups, as they "interpolate" between the two extremal cases of Aut(F ), the automorphism group of a non-abelian free group, and the general linear group GL(n, Z).
In this note we study the (non-)triviality of the first cohomology group of Aut(A Γ ) and a certain class of its finite-index subgroups; here, A Γ denotes the right-angled Artin group defined by the simplicial graph Γ. As is often the case with properties of (automorphisms of) right-angled Artin groups, whether H 1 (Aut(A Γ ), Z) vanishes or not depends on the structure of the underlying graph Γ. Below, we will identify a number of conditions on Γ ensuring that Aut(A Γ ) has (non-)trivial first cohomology. These conditions are phrased on the usual partial ordering of the vertex set V (Γ) of Γ. Namely, given vertices v, w ∈ V (Γ), we say that v ≤ w if lk(v) ⊂ st(w); see section 2 for an expanded definition. We write v ∼ w to mean v ≤ w and w ≤ v.
We first consider a property of a graph Γ which guarantees that the partial ordering ≤ is "sufficiently rich". More concretely, we say that a simplicial graph Γ has property (B) if the following two conditions hold:
(B1) For all u, v ∈ V (Γ) that are not connected, we have u ∼ v; (B2) For all v, w ∈ V (Γ) with v ≤ w, there exists u ∈ V (Γ) such that u = v, w and v ≤ u ≤ w. We will prove that if Γ has property (B) then a natural class of finiteindex subgroups of Aut(A Γ ) have finite abelianization. Before we state our first result, recall that the Torelli group IA Γ is the kernel of the natural homomorphism Aut(A Γ ) → GL(n, Z) = Aut(H 1 (A Γ )), where n denotes the number of vertices of Γ. Our first result is as follows: the free non-abelian group on k letters; note that, in particular, we are allowing infinite cyclic factors. Observe that if w is a vertex corresponding to an infinite cyclic factor then for any other vertex v there is a transvection t vw ∈ Aut(A Γ ) mapping v → vw and fixing the rest of the generators; hence Aut(A Γ ) does not keep the factors invariant in general.
In view of the remark above, one sees that several particular cases of Theorem 1.1 were previously known. Indeed, it follows from the standard presentation of Aut(F n ) in terms of Nielsen transformations [12] that H 1 (Aut(F n ), Z) = 0 as long as n ≥ 3; observe that, on the other hand, Aut(F 2 ) surjects onto a free group and hence has non-trivial first cohomology. Moreover, Satoh [16] has described the (finite) abelianization of the m-Torelli subgroup IA(m) of Aut(F n ), also for n ≥ 3. Finally, if Γ is a complete graph on n vertices -in which case it satisfies property (B) -then every finite-index subgroup of Aut(A Γ ) = GL(n, Z) has trivial abelianization, for instance because GL(n, Z) has the Congruence Subgroup Property [1] .
There is a well-established analogy between the (outer) automorphism group of a free group and the mapping class group Mod(S) of a surface S. In the light of this comparison, Theorem 1.1 is inspired on a result of McCarthy [14] , who proved that if S is a closed surface of genus g ≥ 3, then every finite-index subgroup of Mod(S) that contains the Torelli group has finite abelianization. On the other hand, the situation is false if g ≤ 2, for in that case Mod(S) surjects onto a non-abelian free group.
At this point, one may wonder to what extent is property (B) necessary for the conclusion of Theorem 1.1 to hold. In this direction, we will show that the failure of property (B2) above implies that a certain (explicit) finiteindex subgroup of Aut(A Γ ) surjects onto Z. More concretely, denote by SAut 0 (A Γ ) the finite-index subgroup of Aut(A Γ ) generated by transvections and partial conjugations; see section 2 for definitions. We will prove: Theorem 1.3. Let Γ be a simplicial graph which does not satisfy property (B2). Then SAut 0 (A Γ ) surjects onto Z. Theorem 1.3 highlights the fact that the behaviour of the automorphism group of an arbitrary right-angled Artin group can be quite different to that of the two extremal cases of Aut(F n ) and GL(n, Z). For instance, Bridson [3] has proved that, whenever n ≥ 6, if Aut(F n ) acts on a CAT(0) space by semisimple isometries then every transvection has zero translation length. On the other hand, we will see in the proof of Theorem 1.3 that transvections map nontrivially under the homomorphism SAut 0 (A Γ ) → Z. As an immediate corollary, there are representations Aut(A Γ ) → Mod(S) for which the image of every transvection is pseudo-Anosov, in sharp contrast with the situation for Aut(F n ) [3] and SL(n, Z) [9] . Also, there are representations of Aut(A Γ ) into GL(m, C) such that the image of every transvection is a hyperbolic element, contrary to the cases of Aut(F n ) [3] and GL(n, Z) [13] .
In the light of Theorem 1.3, one may ask: Question 1.4. Suppose that the graph Γ satisfies (B2) but not (B1). Is Aut(A Γ ) virtually indicable? That is, does there exist a finite-index subgroup G ≤ Aut(A Γ ) that admits a surjective homomorphism G → Z?
As we will see below, the answer to Question 1.4 is affirmative for certain classes of graphs. This will come as a consequence of our next result, which asserts that the existence of a vertex w ∈ V (Γ) that is minimal with respect to the partial order ≤, and such that Γ − st(w) is disconnected, also implies the virtual indicability of Aut(A Γ ). More concretely, let Aut 0 (A Γ ) be the finite-index subgroup of Aut(A Γ ) generated by transvections, partial conjugations, and inversions. We will show: Theorem 1.5. Let Γ be a simplicial graph. Suppose there exists w ∈ V (Γ) such that:
(i) There is no v ∈ V (Γ) with v ≤ w, and
In fact, the proof of Theorem 1.5 will also imply the virtual indicability of the group Out(A Γ ) of outer automorphisms of A Γ .
As mentioned above, Theorem 1.5 provides examples of graphs for which Question 1.4 has a positive answer:
where Γ 1 and Γ 2 are two complete graphs, each with at least three vertices. Then Γ satisfies (B2), but not (B1) since w is not equivalent to any other vertex. As w is a minimal element for ≤, and Γ − st(w) is not connected, it follows from Theorem 1.5 that Aut 0 (A Γ ) surjects onto Z.
We remark that it is possible to characterize those trees which satisfy the hypotheses of Theorem 1.5; see Proposition 4.3 below.
In a different direction, during our work we noticed that if the graph Γ satisfies a certain (drastic) weakening of property (B1) above then Aut(A Γ ) is not linear; this refines a question of Charney (see Problem 14 of [4] ). More concretely, we say that a simplicial graph Γ satisfies property (NL) if there exist pairwise non-adjacent vertices
Using an argument of Formanek-Procesi [10] , we will observe: Proposition 1.7. Let Γ be a simplicial graph with property (NL). Then Aut(A Γ ) is not linear.
The plan of the paper is as follows. In section 2 we will give all the necessary definitions and results that will be used throughout the paper. In section 3 we will prove Theorem 1.1. Section 4 is devoted to the proof of Theorems 1.3 and 1.5. Finally, in the appendix we will discuss the linearity problem for automorphism groups of right-angled Artin groups.
2. Definitions 2.1. Graphs. Let Γ be a simplicial graph, and denote its vertex set by V (Γ). Given v ∈ V (Γ), the link lk(v) of v is the set of vertices of Γ that are adjacent to v. The star st(v) of v is defined as lk(v) ∪ {v}. As mentioned in the introduction, there is a natural partial ordering on V (Γ) given by
for any two vertices v, w ∈ V (Γ). We will write v ∼ w to mean v ≤ w and w ≤ v.
2.2.
Right-angled Artin groups. The right-angled Artin group defined by Γ is the group given by the presentation
Observe that if Γ consists of n isolated vertices, then A Γ = F n , the free non-abelian group on n letters. On the other end of the spectrum, if Γ is a complete graph on n vertices then A Γ = Z n .
2.3.
Automorphisms of right-angled Artin groups. Let A Γ be the right-angled Artin group defined by the finite simplicial graph Γ, and Aut(A Γ ) its automorphism group. Laurence [11] and Servatius [17] proved that Aut(A Γ ) is generated by the following types of automorphisms:
• Graphic automorphisms: Every isomorphism Γ → Γ gives rise to an automorphism of A Γ , called a graphic automorphism.
• Inversions: Given v ∈ V (Γ), the inversion ι v is the automorphism of A Γ defined by
• Transvections: Let v, w ∈ V (Γ) with v ≤ w. The transvection t vw is the automorphism of A Γ defined by
• Partial conjugations:
A finite presentation of Aut(A Γ
. A central ingredient of the proof of Theorem 1.5 will be the finite presentation of Aut(A Γ ) computed by Day [5] , which we now describe. Let Γ be a simplicial graph. In order to relax notation, we will blur the difference between vertices of Γ and generators of the right-angled Artin
, where Sym(L) denotes the group of permutations of L. A type (2) Whitehead automorphism is specified by a subset A ⊂ L and an element v ∈ L with v ∈ A but v −1 / ∈ A. Given these, we set (A, v)(v) = v and, for w = v,
Observe that the Laurence-Servatius generators described in the previous subsection are Whitehead automorphisms. Indeed, if v ∈ V (Γ) and Y is a connected component of Γ − st(v), then the partial conjugation that conjugates all the elements in Y by v is
Similarly, if v ≤ w the transvection that maps v → vw is t vw = ({v, w}, w).
In [5] , Day proved:
is the group generated by the set of all Whitehead automorphisms, subject to the following relations:
Remark 2.2. In Day's list of relations [5] there is an extra type of relator, which Day calls (R8); however, as he mentions, this relation is redundant and therefore we omit it from the list above.
2.5. Torelli group. Observe that H 1 (A Γ , Z) = Z n , where n is the number of vertices of Γ. Therefore we have a natural homomorphism
The kernel of this homomorphism, which we will denote by IA Γ , is called the Torelli subgroup of Aut(A Γ ). Observe that every partial conjugation is an element of IA Γ . We now describe another type of element of IA Γ that will be needed in the sequel. Let u, v, w be vertices with lk(v) ⊂ st(u) ∩ st(w). Consider the automorphism τ u,v,w of A Γ given by
Every automorphism of the above form will be referred to as a τ -map. Day proved that partial conjugations and τ -maps suffice to generate IA Γ ; see Theorem B of [6] , or Theorem 4.7 of [18] for an alternate proof.
Theorem 2.3 ([6]
). The Torelli group IA Γ is finitely generated by the set of partial conjugations and τ -maps.
3. Proof of Theorem 1.1
In this section we will give a proof of Theorem 1.1. Recall from the introduction that a simplicial graph Γ has property (B) if the following two conditions hold:
(B1) For all u, v ∈ V (Γ) that are not connected, we have u ∼ v; (B2) For all v, w ∈ V (Γ) with v ≤ w, there exists u ∈ V (Γ) such that u = v, w and v ≤ u ≤ w. As mentioned in the introduction, the fact that the graph Γ has property (B) turns out to be the graph-theoretic interpretation of the fact that A Γ splits as a direct product of free groups of rank different from 2. More concretely, we have: Lemma 3.1. Let Γ be a finite simplicial graph, and A Γ the associated rightangled Artin group. The following two statements are equivalent:
(i) The graph Γ satisfies property (B).
Proof. The implication (ii) ⇒ (i) is easy and is left as an exercise. Suppose now that Γ satisfies property (B). Define a binary relation R on V (Γ) by
We claim that R is an equivalence relation on V (Γ); to this end, the only nontrivial thing to prove is that R is transitive. Let u, v, w ∈ V (Γ) such that uRv and vRw; in particular, u ∼ v and v ∼ w by (B1). Then uRw as well, for if u ∈ lk(w) we would have w ∈ lk(u) but w / ∈ st(v), which contradicts our assumption that u ∼ v.
Denote . In other words, we have deduced that
where k is the number of R-equivalence classes, which have cardinality n 1 , . . . , n k respectively. Finally, observe that n i = 2 for all i in virtue of (B2) above. Indeed, if F n 1 = v, w , we claim the vertex u given in (B2) cannot exist. Otherwise, u would belong to a different factor of A Γ in the direct product decomposition given in equation (1) above, which implies that v ∈ lk(u). However, v / ∈ st(w), which contradicts that u ≤ w. This finishes the proof of the lemma.
Throughout the rest of the section we will assume that Γ is a finite graph satisfying property (B). The key ingredient in the proof of Theorem 1.1 will be to understand the abelianization of the m-Torelli subgroup IA Γ (m) of Aut(A Γ ), which is defined as the kernel of the homomorphism
where the second arrow is given by reducing matrix entries modulo m. Observe that IA Γ (m) has finite index in Aut(A Γ ) for every m ≥ 0. Now, the kernel of the homomorphism GL(n, Z) → GL(n, Z m ) is generated by mpowers of transvections in GL(n, Z); recall that a transvection in GL(n, Z) is a matrix of the form I n + E ij for i = j, where I n is the identity matrix and E ij is the matrix that has a 1 in the (i, j) position and zeroes elsewhere. Hence we obtain the following: As indicated above, the proof of Theorem 1.1 boils down to understanding the abelianization of IA Γ (m). Given a group G, we denote by G its commutator subgroup [G, G] . Also, we denote by G ab the abelianization of G, i.e. G ab = G/G . We will show: Proposition 3.3. For every m ≥ 0, the abelianization of IA Γ (m) is a finite m-group. In other words, IA Γ (m) ab is finite and the order of every element divides m. Remark 3.4. As mentioned in the introduction, Proposition 3.3 is implied by the work of Satoh [16] when A Γ is a free group.
The proof of Proposition 3.3 is broken down into a series of lemmas. Throughout the remainder of the paper, given α, β ∈ Aut(A Γ ), we will write α β to mean the conjugate of α by β, i.e. α β := β −1 αβ. We begin with an easy consequence of (B1).
Lemma 3.5. Let Γ be a simplicial graph that satisfies (B1). For any v ∈ Γ such that st(v) = Γ, we have Γ − st(v) is totally disconnected. In particular, any partial conjugation in Aut(A Γ ) is of the form c v,{u} , with u ∈ st(v).
Proof. Let u ∈ Γ − st(v). Then (B1) implies u ∼ v, which in turn gives lk(u) ⊆ st(v). Thus we obtain that u is an isolated vertex in Γ − st(v).
In order to relax notation, we will write c v,u := c v,{u} . The following result is an analog in our context of the crossed lantern relation for the mapping class group, see [15] . 2 ] for all m ≥ 0. In particular, c m 1 ∈ IA Γ (m) for all m ≥ 0. Proof. As v, w are not connected, (B1) implies that v ∼ w. In particular, the transvection t := t vw −1 is well-defined. Next, let c 2 := c v,w . We have
On the other hand, 
, as desired.
Lemma 3.7. Let u, v, w ∈ V (Γ) with lk(v) ⊂ st(u) ∩ st(w). Consider the τ -map τ := τ u,v,w given by
Proof. First, observe that if u and v are connected then u ∈ lk(v) ⊂ st(w), which implies that the map τ is the identity. Thus we may assume that u and v are not connected. Note that the hypotheses imply that the transvection t vw is well-defined. Consider also the partial conjugation c := c u,v . A quick calculation shows that
Therefore, as both c and c tvw lie in IA Γ (m) we deduce that
which using Lemma 3.6 gives the desired result. 
Virtual indicability
In this section we will prove Theorems 1.3 and 1.5. We start with the former theorem, which will be a direct consequence of the following: [18] ), that whenever T vw appears in some relator of H, it does so with exponent sum 0. Therefore the homomorphism
given by π(T vw ) = 1 (with additive notation in Z) and π(T rz ) = 0 for any other T rz is well-defined. In particular, H 1 (Aut A Γ /IA Γ , Z) = 0, as desired.
Assume now that Γ has property (B2). By the second type of relation in the aforementioned presentation of H [18] , we deduce that the image of every transvection is a commutator in H. Since H is generated by the images of transvections, it follows that H 1 (H, Z) = 0, and thus
The remainder of the section is devoted to the proof of Theorem 1.5. Recall from the introduction that Aut 0 A Γ is the finite-index subgroup of Aut(A Γ ) generated by transvections, partial conjugations and inversions. Day's presentation of Aut(A Γ ), described in Theorem 2.1, implies that Aut 0 (A Γ ) contains precisely those graphic automorphisms that preserve each equivalence class with respect to the equivalence relation ∼. Following the notation from [5] , we denote by the subgroup of such graphic automorphisms by Sym 0 A Γ . In order to prove Theorem 1.5 we will need to work with a presentation of Aut 0 A Γ . To this end, a minor mofication of Day's arguments [5] implies the following: [7] ). Aut 0 (A Γ ) is finitely presented. Moreover, a finite generating set consists of all the elements of Sym 0 A Γ , all the type (2) Whitehead automorphisms, and all inversions. A complete set of relations is given by the types (R1) -(R10) described in Theorem 2.1, subject to the requirement that the only type (1) Whitehead automorphisms that appear in a relator must be elements of Sym 0 A Γ .
We are now in a position to prove Theorem 1.5, whose statement we now recall for the reader's convenience: Theorem 1.5. Let Γ be a simplicial graph. Suppose there exists w ∈ V (Γ), with Γ − st(w) disconnected, and such that there is no v ∈ V (Γ) with v ≤ w. Then Aut 0 (A Γ ) surjects onto Z.
Proof of Theorem 1.5. We are going to construct an explicit surjective homomorphism Aut 0 (A Γ ) → Z. Before proceeding to do so, observe the fact that there is no v ∈ V (Γ) with v ≤ w implies Consider the group H generated by the same generators as Aut To summarize, we have proved that π Y : H → Z is a well defined surjective homomorphism. Now, since Γ − st(w) is not connected, it has a connected component Z = Y . We may repeat the construction above, obtaining a surjective homomorphism π Z : H → Z. We claim that map
can be lifted to a well-defined surjective homomorphism Aut 0 → Z; to this end, the only thing to verify is that π preserves Day's relation (R10). Equivalently, we need to check that π(L − w −1 , w) and π(L − w, w −1 ) vanish. But as Y ∪ Y −1 and
and
as desired. This finishes the proof of Theorem 1.5.
As mentioned in the introduction, in the particular case when the graph Γ is a tree it is easy to give a characterization of when the hypotheses of Theorem 1.5 are satisfied. Recall that a leaf of a tree is a vertex whose link has exactly one element. We have: Proposition 4.3. Let Γ be a connected tree. Then Γ satisfies the hypotheses of Theorem 1.5 if and only if there is a vertex w whose distance from w to each leaf of Γ is at least 3.
Proof. Observe that for any vertex w there is some v = w with v ≤ w if and only if d(v, w) ∈ {1, 2} and v is a leaf. Therefore the existence of a minimal vertex w is equivalent to the existence of a vertex at distance at least 3 to each leaf. Moreover, if the distance from a vertex w to each leaf is at least 3, then Γ − st(w) is disconnected.
Appendix. On the linearity problem for Aut(A Γ )
A question of Charney (see Problem 14 of [4] ) asks for which graphs Γ is Aut(A Γ ) linear; recall that a group H is said to be linear if there is an injective homomorphism H → GL(n, K) for some field K and some n > 0.
During our work, we noticed that if the graph Γ satisfies a certain (drastic) weakening of property (B), then an argument of Formanek-Procesi [10] immediately yields that Aut(A Γ ) is not linear, thus offering a refinement of Charney's question.
We give a short account of Formanek-Procesi's result for the sake of completeness, following the summary given in [2] . Let H be a group, and let v 1 , v 2 , v 3 ∈ H such that v 1 , v 2 , v 3 ∼ = F 3 , the free group on three generators. Let α 1 , α 2 ∈ Aut(H) be such that
. In [10] , Formanek-Procesi used the result above to prove that the (outer) automorphism group of the free group F n on n ≥ 3 generators contains poison subgroups, and thus is not linear. We now mimic their reasoning, and introduce a property of a simplicial graph Γ that guarantees that Aut(A Γ ) has a poison subgroup, and thus is not linear either.
Definition 5.2. Let Γ be a simplicial graph. We say that Γ satisfies property (NL) if there exist pairwise non-adjacent vertices v 1 , v 2 , v 3 ∈ V (Γ) such that v 3 ≤ v i , for i = 1, 2.
We now prove Proposition 1.7, whose statement we now recall: Proposition 1.7. Let Γ be a simplicial graph that satisfies property (NL). Then Aut(A Γ ) contains a poison subgroup and thus is not linear.
Proof. Let Γ be a simplicial graph with property (NL), and let v 1 , v 2 , v 3 ∈ V (Γ) be three pairwise non-adjacent vertices; by definition,
Since v 3 ≤ v i for i = 1, 2, we may consider now the transvections t v 3 v i for i = 1, 2. It follows that the group generated by α 1 := t v 3 v 1 and α 2 := t v 3 v 2 is a poison subgroup of Aut(A Γ ), as desired.
With the exact same argument we obtain the non-linearity of Out(A Γ ) whenever Γ satisfies property (NL).
Remark 5.3. Property NL is more frequent than one could in principle have thought. For instance, it is satisfied as soon as Γ has three isolated vertices, in which case Aut(F 3 ) < Aut(A Γ ). We remark, however, that there are graphs that satisfy property (NL) but have no isolated vertices, see Figure  1 . Figure 1 . A graph Γ with property (NL) and no isolated vertices Following Erdős-Rényi [8] , we denote by G(n, N ) the space of graphs with n vertices and N edges, where we choose graphs Γ n,N ∈ G(n, N ) at random with respect to the uniform probability distribution in G(n, N ). Fix a constant c ∈ R, and set N (n) = 1 2 n log(n) + cn. Erdős-Rényi [8] showed that the probability P n,N (n) (k) that a random graph Γ n,N (n) has k isolated vertices behaves, as n grows, as a Poisson distribution with parameter λ = e −2c ; see Theorem 2c of [8] . More concretely one has: lim n→∞ P n,N (n) (k) = λ k e −λ k! .
In the light of this result, the probability that a random graph Γ n,N (n) satisfies property (NL) is strictly bigger than
where again λ = e −2c . Thus we see that, at least for that particular N (n), a definite (albeit small) proportion of random graphs satisfy property (NL).
